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Abstract. Let E = ( ^ ^ j be a triangular algebra, where A and B are algebras 
over an arbitrary commutative ring k and M is an (A, _B)-bimodule. We prove the 
existence of two long exact sequence of fc-modules relating the Hochschild cohomology 
of A, B and E. We also study the structure of the maps of the first of these exact 
sequences. 



Introduction 

Let k be an arbitrary commutative ring with unit, A and B two fc-algebras with 
unit, M an (A, 5)-bimodule, E — f^^J the triangular algebra and X an E- 
bimodule. Let 1 A and 1 B be the unit elements of A and B respectively. Let us 
write X AA = 1 A X1 A , X ab = Ia^Ib, X ba = 1 B X1 A and X BB = 1 B X1 B . For 
example, for X = E, we have X AA = A, X AB = M, X BA = and X BB = B. 

The purpose of this paper is to prove the following results: 

Theorem 1. There exists a long exact sequence 

^R°(E,X) ^R°(A,X AA ) ®B°(B,X BB ) ^Ext% Bo ^ k (M,X AB ) -» 
-^H 1 ^,^) ■^K 1 (A,X aa )®K 1 (B,Xbb) -^Ext^ B o Pifc (M,X AB ) — 

where Ext^^op k (M, X AB ) denotes the Ext groups of the A ® B° v -module M, 
relative to the family of the A ® B op -linear epimorphisms which split as k-linear 
morphisms. 

Let 7r: E — > B the ring morphism defined ^^(foT)) ^ c ^ ^ B denote 
the ring B consider as an E'-bimodule via tt. 

Theorem 2. There exists a long exact sequence 

-> Ext^op^C^^ls) -» H°(i?, X) -» H°(A,*aa) -> 
- Ext^^,^, X1 B ) - H 1 ^, X) -> H 1 ^, - . . . , 
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where Ext^gop k (BE,Xls) denotes the Ext groups of the E ® B op -module Be, 
relative to the family of the E (g> B op '-linear epimorphisms which split as k-linear 
morphisms. 

Let C be a fc-algebra. The complex Homc= ((C* +2 , C) is a differential graded 
algebra via the cup product 

{fg)(X0 ® • • • ® Xr+s+l) = f(Xo ® • • • ® X r ® ® X r+ i ® • • • <g> X r+s+ i), 

where / G Hom C e(C r+2 , C) and $ G Hom c « (C s+2 , C). Hence H*(£, £) becomes a 
graded associative algebra. As it is well known, H*(E,E) is a graded commutative 
algebra. Similarly, for a left C-modulc Y, the complex Hom c ((C* +1 ® Y, Y) is 
a differential graded algebra via 

ifg)( x o ® • • • ® x r+s ® y) = /(x ® • • • ® x r <g> g(l ® x r+ i ® ■ ■ ■ ® x r+s <8> j/), 

where / G Hom c (C r+1 <g> V, F) and 3 G Hom c (C s+1 ® F, V). Hence Ext^ fc (F, F) 
is a graded associative algebra. In the following theorem we consider H* (A, A) , 
H*(B,B), H*(E,E) and Ext^ (8B o P fc (M, M) equipped with these algebra structures. 

Theorem 3. Assume that X = E. Then 

(1) The map H* (E, E) H* (A, A) ®R*(B, B) is a morphism of graded rings. 

(2) The maps E*(A,A) ^ B*(A,A) ®R*(B,B) Ext* A ^ Bop k (M, M) and 

R*(B,B) ^ R*(A,A) ®R*(B,B) Ext^ Bop . fc (M, M) are morphisms 
of graded rings. 

(3) The map Ext^^op k (M,M) H* +1 (_E, E) has image in the annihilator 
°/0n>i H n (E,E).' 

Theorems 1 and 2, which generalize a previous result of [H], were established 
in [M-P] under the assumptions that k is a field, A and B are finite dimensional 
fc-algebras, M is a finitely generated (A, B)-bimodule and X — E. As was pointed 
out in [M-P], this version of Theorem 1, also follows from a result of [C]. Theorem 3 
was proved in [G-M-S, Setion 5], under the assumptions that k is a field, A is a 
finite dimensional fc-algebra and E is a one point extension of A. 

Our proofs are elementary. The main tool that we use is the existence of a simple 
relative projective resolution of E. 

Next, we enunciate the homological versions of Theorems 1 and 2. Similar meth- 
ods to the ones used to prove Theorems 1 and 2 work in the homological context. 
We left the task of giving the proofs to the reader. 

Theorem 1'. Let Xba = Ib-XTa- There exists a long exact sequence 

■ ■ ■ — * Tor^® B ° P ' fe (M, Xba) — ► Hi(^4, Xaa) © Hi(_B, Xbb) — * Hi(_E, X) -> 
— > Tor^® s ° P ' fc (M, Xba) — ► Ho(j4, Xaa) © Ho(i?, Xbb) — * Ho(-E, X) — ► 0, 

where Tor^ 0S ° P ' fc (M, X B a) denotes the Tor groups of the A ® B op -module M , 
relative to the family of the A <g> B° v -linear epimorphisms which split as k-linear 
morphisms. 
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Theorem 2'. There exists a long exact sequence 

. . . - Hx{A,Xaa) - Hi(£, X) - Torf ® B ° P > k (B E , l B X) - 

— Ho(A, X AA ) — H (£, X) -> Tor^ BOP ' fe (S £ , 1 S X) — 0, 

where Torf® B °"' k (B E , l B X) denotes the Tor groups of the E ® B op -module B E , 
relative to the family of the E © B° v -linear epimorphisms which split as k-linear 
morphisms. 

Remark. When the present paper was finished we learned that Theorem 1 was also 
obtained in [C-M-R-S] under the additional assumptions that A; is a field, X = E 
and M is A-projcctivc on the left or £>-projective on the right. 

Proof of the results 

Let (E* +2 , be the canonical resolution of E and let (X*, be the S-bimodule 
subcomplex of (E* +2 , defined by 

71+1 

X n = A n+2 © B n+2 ®04'®M® B n+1 -\ 

i=0 

It is easy to see that {X sri b' t ) is a direct summand of (E* +2 , as an .E-bimodulc 
complex. Moreover, the complex 

Z? b '° Y b>1 Y h ' 2 Y b ' 3 Y b ' 4 Y b ' 5 Y h ' 6 Y b ' 7 Y b ' s 

Hi < Ao < Ai < A 2 < A3 < A4 < A5 < Ag < A7 < . . . 

is contractible as a right -E-module complex. Hence, (X*,b*) is a projective res- 
olution of the -E e -module E, relative to the family of the _E e -linear epimorphisms 
which split as fc-linear morphisms. 

Let (Xt,b'+) and (X B ,b'*) be the subcomplexes of (X*,&'J, defined by X£ = 
A n+1 © (A © M) and X% = (B © M) © B n+1 . It is easy to see that {X^X) 
and (Xf ,b'*) are projective resolutions of the .E e -modules IaE and E1 B respec- 
tively, relative to the family of the £? e -linear epimorphisms which split as fc-linear 
morphisms. We have the following: 

Lemma 3. Let fj,: B — ► M be the map defined by fi(a © m © b) = amb, for 

a E A, b E B and m E M. The complex 

(*) M A — < b ' 2 X2 ( b ' a — i b ' 4 Xi b ' 5 

( ' ^~ X r © Xf ^~ X? © Xf ^~ X 3 A © X 3 B ^~ X 4 A © Xf *~~ ' ' ' ' 

is a relative projective resolution of M as an E-bimodule. A contracting homo- 
topy of (*) as a complex of k-modules is the the family o\ \ M — > v a^ vB an d 

o- n +i ■ xiSx^ x ^e^ +1 ^ n - ^ de /* ned 

ai(m) = 1a © to © 1 B , 

Cn+i(ao © to © b2,„+i) = 1^ © a © m © b 2 ,„+i + © a TO © b 2i „ + i © 1 B , 

cr„ + i(a ,i © to © b i+ 2,„ + i) = I a © ao,i © to © b i+2; „ + i for i > 0, 

wftere a i — a © • • • © a, and bj +2i „+i = &i +2 © • • • © &„+i . 
Proof. It follows by a direct computation. □ 
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Lemma 4. We have 

Hom Ae ( ( A*+ 2 , 6'J , X AA ) ~ Hom £l ( (Xf , 6'J , X) , 
Hom B e ( (B*+ 2 , K) , X BB ) ~ Hom B e ( (Xf , 6'J , X ) . 

Proo/. Since, for every / e Hom^e (A n+2 , X), 

/(a ® • • • ® a„+i) = (J o)/( a o ® ■ •■ ® a «+i)(o o) e 

the canonical inclusion i n : Hom^e (A n+2 , Xaa) — > Hom^e (A n+2 , X) is an isomor- 
phism. Let $£: Hom j4 e( J 4™+ 2 , X) — > Hom £ .(l^,l) be the map defined by 

®n(f)( a o ® • • • ® a n+ i) = /(a ® • • • ® a„+i) for a* e A, 

9n(f)( a o ® ' ' ' ® an ® m) = /(a ® • • • ® a„ <g) 1a) (° ™) ford,ei and m e M, 

and let : Hom^e (X^, X) — » Homie (A n+2 , X) be the map defined by restriction. 
Clearly "dn°®n= id- Let us sec that 0„ o ^ = id. Let ip e Hom E e (X,f , X). It is 
clear that 0^ o^(< / ?)(a ® • • • ® o n +i) = ¥>(ao ® • • • ® a n+ i) for all a , ■ ■ ■ , a n+ i e A. 
Since 

ip(a ® • • • <g> a n ® m) = </?(a ® • • • ® a„ (g) 1a) ( g ™ ) 

^^(^M)(a ®---®a„®lA)(°™) 
= 6^(^O))(a ® • • • ® a„ ® m), 

for all a , . . . ,a n £ A and m G M, we have that 0£ ^niv) = V- As the family 
9*oi^ is a map of complexes, the first assertion holds. The proof of the second one 
is similar. □ 

Lemma 5. We have 

HoniA®B°p ( ( x/ex? ' ^*) ' ^.b) — Hom ge ( ( x a^ x s , K) , X) . 

Proof. Since, for every / e Hom £ e ( x a^ x b , X), 

f(x ®---®X n+1 ) = (oo)/^® •••® a; n+l)(o?) 

the canonical inclusion Hom^= ( x-4e"x B 1 -^-b) — ► Hom^e ( x^'sx- 5 ' ^) 1S an ^ so ~ 
morphism. To end the proof it suffices to observe that 

Hom g e ( x a^ x b , X AB ) ~ Hom^ggop ( x a^ x b ' ^-b) • ^ 
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o - (x?, K) © {xfX) - (x*X) - ( vA X * vR X ) - °. 



Proof of Theorem 1. Because of Lemma 3, the short exact sequence 

X* 

, x^ © x^ 

gives rise to the long exact sequence 

->Ext° Ec k (E,X) ^E^° E e tk (l A E®El B ,X) -» Ext B e ife (M, X) -» 

-> Ext^e^^, X) -» Exti;e ;fe (U-E © X) -» E X t^ e fc (M, X) -» . . . . 

To end the proof it suffices to apply Lemmas 4 and 5. □ 

Lemma 6. Let /i: — > &e f/ie map defined by fj,(b © &i + m © 6) = &o^i> / or 
b,bo,bi G -B and m G M. T/ie complex 

/*\ R M ^0 b 'l ^1 b 'l ^2 b 3 ^3 6 4 ^4 b 5 ^5 b 6 

A Q A[ A 2 A 3 A 4 A 5 

is a relative projective resolution of Be as an E-bimodule. A contracting homotopy 
ofM as a complex of k-modules is the family oq : Be — > ^3- anrfan+i : w — > 

(n > 0), defined by: 



>n+l 



(x © • • • © x n ) = Ia © x © • • • © x n . 



Proof. It follows by a direct computation. □ 

Lemma 7. We have Hom £8B o P ((^-, , -XT B ) ~ Hom £ =((|i,fe' t ),l). 
Proof. Since, for every / G Hom £e (x^i ^Qi 

/(a;o © • • • ©x„+i) = f(x © • • G 

the canonical inclusion Hom^e (^3-, A"ls) — > Hom^e (^5-, A") is an isomorphism. 
To end the proof it suffices to observe that 

Hom E ®B°v(§j,Xl B ) =Rom E e(£k,Xl B ). □ 

Proof of Theorem 2. Because of Lemma 6, the short exact sequence 

X* 

xj> 



-> {xt K) -> (x.X.) - ( I^X ) - o, 



gives rise to the long exact sequence 

- Ext%jB E , X) -> Ext° E ^ k (E,X) -> Ext^. ifc (l A ^,A:) 
— Ext^^X) — Ext^ e ifc (£,X) -> Ext^ c ife (U-B,A-) 

To end the proof it suffices to apply Lemmas 4 and 7. □ 
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Lemma 8. Let ((A ® B op )* +1 ® M),6'J be the bar resolution of M as a left 
A ® B op -module. There is a map of resolutions 7, : ((A ® B op )* +1 ® M), 6',) -> 

( x££x? +1 > v *+i)> de fi ned b y 

n 

7„((a ® 6 ) ® • • • ® (o n ® b n ) ® = y^(-l)( 2 )ao,i ® a l+1 . n m ® b„ ji+ i ® b i>0 , 

i=0 

w/iere 

ao,» = ao ® ai ® • • • ® o», <*i+i,n = aj + ia i+2 • • • a„, 

b„,»+i = fo n ® 6 n _i ® • • • ® b i+ i, bifi = bibi-i ■■■bo- 



Proof. We must prove that \l o 70 = &o> where \i is the map introduced in Lemma 3 
and that 7„_i ° b' n = b' n o 7„ for all n > 1. The first assertion is evident. Let us 
check the second one. We have 



7n-l &n((°0 ® M ® ' • ' ® («n ® &n) ® m) 



= 7n-i ^y^(-l) J '(fflp ® b ) ® • • • ® (ajaj + i ® bj+ibj) ® • • • ® (o„ ® 6„) ® to 
+ (-l)™7«-i((«o ® &o) ® ' ' ' ® (ffln-i ® b n -i) ® a n mb n ) 

n—1 n—1 

= ^2^2(-iy + ( 2 )a ,j_i ® aj-aj+i ® aj +2 ,i+i ® a l+2 ,„TO ® b„ ii+2 ® bj+1,0 

j=0 i=j 
n-lj—1 

+ 2 ) a0ji ® ai+i,„TO® b n j+2 ® bj+i&j ® bj_i,i_i ® b i)0 

j=0 i=0 
n-1 

+ 2 ) ao i Oi+i,„m6 n ® b n _i, i+ i ® b ii0 

i=0 
n i— 1 

= y^y^(-l)^ 2 ^aoj-i ® a^aj+i ® a j+2 ,i ® a i+1 . n m ® b„ ji+ i ® b ii0 

i=l j=0 
n-2 n-1 

+ H (- 1 )*-" 2 ^ +<+1+ "~ j ao,i ® a 4+ i,„TO ® b„ J+2 ® 6 i+ i& 3 ® b.,-_ M ® bi_i, 

i=0 j=i+l 

+ ^(-1)( 2 ^ +l+la o,i ® ai + i,„TO6„ ® b„_ M+ i ® bj,o 

i=0 

= ^ ^y^(-l)^ 2 *Wi ® a J+ i,„TO ® b n , i+ i ® bi, ^ 

= & n 7n(( a ® M ® • • • ® (0„ ® 6„) ® TO). □ 
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Proof of Theorem 3. 1) It is easy to see that B*(E,E) U*(A, A)®H.*(B, B) 
is induced by the canonical restriction 

Hom B e((£*+ 2 , b'J, E) — Hom^e ((A*+ 2 , b'J, A) © Hom B = ((B*+ 2 , 6'J, B). 

From this fact follows immediately that j* is a map of graded rings. 

2) We prove the second assertion. The first one follows similarly. It is easy to see 

that H*(_B, B) — * Ext* A ^ B o P k (M 7 M) is induced by the map of complexes 

Hom Be {(B*+\ O. B ) ^ Hom A8B op(( ^/; + ^ +i , -6', +1 ) , M) , 
defined by 

(-l) n /(ao, n ® 1a)to6„ + i ifi = n, 
in other cases, 



S n (f)(ao,i ® m <g> bi+i,„+i) 



where / G Hom B c(5 n+2 ,B), a ,; = a ® • • • ® a, and b i+ i ;n+ i = ® • • • (g) 6 n+ i. 
Let us consider the morphism 

Hom AgB .p(( Jf /^ +i , , M) X Hom^ B .p (((A ® B°p)* +1 ® M), M) 

induced by the map 7, of Lemma 8. Let (f>* = 7* o S* . It is immediate that 

4> n (.f )({ao ® b ) ® • • • ® (a n ® &„) ® m) = (-l)(2)a • • • a„m/(l B ® &n ® • • • ® &o)- 

Hence, for / G Hom B = (B r+2 , £?), 5 G Hom B e (B s+2 , £?) and ar <8> ■ ■ ■ ® x r+s = 
(ao ® 60) ® • • • ® («r+s ® ^r+s), we have 

4> r {f)4> s {g){ x o ® • • • ® av+» ® m) 

= 4> r (f)(xo ® • • • x r ® s (g)((lA ® Is) ® 2V+1 ® • • • ® 2V+« ® m) 

= (-l)( 2 )(/) r (/)(x ® • • • ® x r ® o r+ i • • • a r+s mg(lB ® &r+s ® • • • ® &r+i ® Is)) 

= (-l) rs+ (^ S )a • • • a r+s mg(l B ® 6 r+s ® • • • <g> b r+1 ® ® 6 r • • • ® 6 ) 

= (-l) rs (-l)( r ^)a • • • a r+s m( fl /)(l B ® 6 r+s ® • • • ® fe ) 

= r+s ((-l) rs .g/)(a;o ® • • • ® x r+s ® m). 

This finished the proof, since H*(B,B) is graded commutative. 

3) The complex Homge 6^), £7) is a differential graded algebra with the product 

defined by (fg){x ®---<2> ) = f(xo<8>- ■ ■®a; r ®l B )s , (l B ®a;r+i®- ■ -®av+s+i)> 

for / G Homp (X r , £7) and g G Hom B e £7). It is immediate that this product 
induces the cup product in H*(E, E). Assume that s > 1 and that / belongs to 
the image of Honi £ = ( x^ex 3 ' ^) — * Hom Be (l r ,_B). Let 5' G Hom £e (A" s , £?) the 
cocycle defined by 



3'(x ® • • • ® x r ) = j 



g(x ® • • • <S> a; r ) if x ® • • • ® x r G A r ® (A © M) 
in other case 



It is easy to check that gf = g' f and that fg' = 0. Since g'f is homologous to 
(-\ysfgi we have that the class of gf in W+ S {E, E) is zero. □ 
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